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Announcements

HW4 due Tuesday  Friday night

Midterm 1 – October 8th

Office Hours:
 Tuesdays: 4pm - 4:30pm
 This Thursday until 2:15pm



Outline

Naïve Bayes Algorithm

Decision Trees



Components of a Bayes Model
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Components of a Bayes Model

Identify the evidence, prior, posterior, and likelihood in 
the equation below
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Components of a Bayes Model

Identify the evidence, prior, posterior, and likelihood in 
the equation below

Evidence : this is the data (features) we observe, which 
we think will help us predict the outcome we’re 
interested in 
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Components of a Bayes Model

Identify the evidence, prior, posterior, and likelihood in 
the equation below

Prior : without seeing any evidence (data), what is our 
prior believe about each outcome (intuition: what is the 
outcome in the population as a whole?)
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Components of a Bayes Model

Identify the evidence, prior, posterior, and likelihood in 
the equation below

Posterior : this is the quantity we are actually interested 
in. *Given * the evidence, what is the probability of the 
outcome?
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Identify the evidence, prior, posterior, and likelihood in 
the equation below

Likelihood : given an outcome, what is the probability of 
observing this set of features?

Components of a Bayes Model
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Naïve Bayes 

𝑝 Ԧ𝑥 𝑦 = 𝑘 = 𝑝 𝑥𝑝 𝑦 = 𝑘 𝑝 𝑥𝑝−1 𝑦 = 𝑘 … 𝑝 𝑥2 𝑦 = 𝑘  𝑝 𝑥1 𝑦 = 𝑘

    = ς𝑗=1
𝑝

𝑝(𝑥𝑗|𝑦 = 𝑘)

Naïve Bayes Model

𝑝 𝑦 = 𝑘 Ԧ𝑥 ∝ 𝑝(𝑦 = 𝑘) ෑ

𝑗=1

𝑝

𝑝(𝑥𝑗|𝑦 = 𝑘)

proportional to



Naive Bayes Example

Test: powerful very fun 

𝑝 + = ?  𝑝 − = ?
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Naive Bayes Example

Test: predictable with no fun

𝑝 + = ?  𝑝 − = ? 
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Naive Bayes Example

Test: entirely boring no fun

𝑝 + = ?  𝑝 − = ? 
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Laplacian Smoothing
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Naive Bayes Example

Test: predictable with no fun

𝑝 + = ?  𝑝 − = ? 
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Outline

Naïve Bayes Algorithm

Decision Trees



Tennis example
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Each internal node: test one feature
Each branch from node: selects one value of the feature
Each leaf node: predict  y

Based on slides by Jessica Wu 

and Eric Eaton
[originally by Tom Mitchell] 

Decision Tree example (tennis)



Key term: depth

Decision Tree example (tennis)



Key term: depth

Decision Tree example (tennis)

depth = 0



Key term: depth

Decision Tree example (tennis)
depth = 1



Key term: depth

Decision Tree example (tennis)
depth = 2



Decision Tree example (tennis)

Outlook Temp Humidity Wind

Rain Hot High Strong
(test example) x =



Decision Tree example (tennis)

Outlook Temp Humidity Wind

Rain Hot High Strong
(test example) x =



Decision Tree example (tennis)

Outlook Temp Humidity Wind

Rain Hot High Strong
(test example) x =



Decision Tree example (tennis)

Outlook Temp Humidity Wind

Rain Hot High Strong
(test example) x = ො𝑦 = No



Discuss with a partner! Think about:

 * training and testing

 * featurization

 * runtime

 * human factors

Decision Trees: Pros vs Cons



Decision Trees: Pros vs Cons

• Very interpretable! Easy to say why  we made a 
classification (can point to which features)

• Compact representation and fast predictions

• Can be brittle (not looking at each example holistically)

• Featurization and implementation difficulties



ID3 Decision Tree Algorithm 

Select feature that “best” informs label prediction (i.e. y)

Divide : partition data into branches based on their value at this 
feature

Conquer : recurse on 

    each partition 
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Posted as optional reading



Slide: modified from Ameet Soni

Top-Down Decision Tree Algorithm



Slide: modified from Ameet Soni

Top-Down Decision Tree Algorithm



Slide: modified from Ameet Soni

Top-Down Decision Tree Algorithm
Dataset (X,y)



Slide: modified from Ameet Soni

Top-Down Decision Tree Algorithm
Dataset (X,y)

Features



Slide: modified from Ameet Soni

Top-Down Decision Tree Algorithm
Dataset (X,y)

Features



Dataset (X,y)

Features

Slide: modified from Ameet Soni

Why don’t we want to use this feature 

again?

Top-Down Decision Tree Algorithm



Design choice: stopping criteria

1. All the data points in our partition have the same label

2. No more features remain to split on

3. No features are informative about the label

4. Reached (user specified) max depth in the tree
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How to select “best” features?

Example by: Ameet Soni



How to select “best” features?

Example by: Ameet Soni



Most Informative Feature 

Goal: Which feature will allow us to learn the most information

Information Gain  – metric from information theory

 “the amount of information gained about a random 
variable or signal from observing another random variable” 

         Wikipedia

Entropy

 measure of uncertainty in a group of observations 
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https://en.wikipedia.org/wiki/Information_content
https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Signal


Which feature has the highest IG

Example by: Ameet Soni



Size and entropy

Example by: Ameet Soni



Entropy & Information Gain
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Low IG

High Entropy

High IG

Low Entropy

𝑝 𝑟𝑒𝑑 =  .7
𝑝 𝑏𝑙𝑢𝑒 =  .3

𝑝 𝑟𝑒𝑑 =  .4
𝑝 𝑏𝑙𝑢𝑒 =  .6

𝑝 𝑟𝑒𝑑 = 0
𝑝 𝑏𝑙𝑢𝑒 = 1



Quantify Entropy

𝐸𝑛𝑡𝑟𝑜𝑝𝑦: ෍

𝑖

𝐶

𝑝𝑖 log 𝑝𝑖
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𝑝 𝑟𝑒𝑑 =  .7
𝑝 𝑏𝑙𝑢𝑒 =  .3

𝑝 𝑟𝑒𝑑 =  .4
𝑝 𝑏𝑙𝑢𝑒 =  .6

𝑝 𝑟𝑒𝑑 = 0
𝑝 𝑏𝑙𝑢𝑒 = 1



Quantify Entropy

𝐸𝑛𝑡𝑟𝑜𝑝𝑦: ෍

𝑖

𝐶

𝑝𝑖 log 𝑝𝑖
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−0.265 −0.292 0



Quantify Entropy

𝐸𝑛𝑡𝑟𝑜𝑝𝑦: − ෍

𝑖

𝐶

𝑝𝑖 log 𝑝𝑖
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0.265 0.292 0



Conditional Entropy

Example by: Ameet Soni



Conditional Entropy

Example by: Ameet Soni

𝐻 𝑌 𝑋 = 𝑣 ): ෍

𝑖

𝐶

𝑝(𝑌𝑖  | 𝑋 = 𝑣) log 𝑝(𝑌𝑖| 𝑋 = 𝑣



Conditional Entropy
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𝐻 𝑌 𝑋): ෍

𝑣 ∈ 𝑑𝑜𝑚 𝑋

𝑋

𝑝 𝑋 = 𝑣 𝐻 (𝑌|𝑋 = 𝑣)

𝐻 𝑌 𝑋 = 𝑣 ): ෍

𝑖

𝐶

𝑝(𝑦𝑖  | 𝑋 = 𝑣) log 𝑝(𝑦𝑖| 𝑋 = 𝑣



Information Gain
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𝐻 𝑌 𝑋): ෍

𝑣 ∈ 𝑑𝑜𝑚 𝑋

𝑋

𝑝 𝑋 = 𝑣 𝐻 (𝑌|𝑋 = 𝑣)

𝐻 𝑌 𝑋 = 𝑣 ): ෍

𝑖

𝐶

𝑝(𝑦𝑖  | 𝑋 = 𝑣) log 𝑝(𝑦𝑖| 𝑋 = 𝑣

𝐼𝐺 𝑌, 𝑋 : 𝐻 𝑌 − 𝐻(𝑌|𝑋)
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  p  (   x → |  y = k ) = p  (   x p |  y = k ) p  (   x  p − 1 |  y = k ) … p  (   x 2 |  y = k )


  p  (   x 1 |  y = k )


  =  ∏  j = 1 p  p (  x j | y = k )


  p  (  y = k |   x → ) ∝ p ( y = k )  ∏  j = 1 p  p (  x j | y = k )


  p  ( + ) =   ?                                                                                       p  ( − ) =   ?


  p  ( + ) =   ?                                                                                       p  ( − ) =   ?


  p  ( + ) =   ?                                                                                       p  ( − ) =   ?


  p  ( + ) =   ?                                                                                       p  ( − ) =   ?


   y ^


  p  (  r e d ) =   . 7


  p  (  b l u e ) =   . 3


  p  (  r e d ) =   . 4


  p  (  b l u e ) =   . 6


  p  (  r e d ) = 0


  p  (  b l u e ) = 1


  E n t r o p y :    ∑ i C   p i   log ⁡   (   p i )


  p  (  r e d ) =   . 7


  p  (  b l u e ) =   . 3


  p  (  r e d ) =   . 4


  p  (  b l u e ) =   . 6


  p  (  r e d ) = 0


  p  (  b l u e ) = 1


  E n t r o p y :    ∑ i C   p i   log ⁡   (   p i )


  − 0 . 265


  − 0 . 292


  0


  E n t r o p y : −  ∑ i C   p i   log ⁡   (   p i )


  0 . 265


  0 . 292


  0


  H    (  Y   |   X = v   ) :    ∑ i C  p (  Y i   |   X = v )     log ⁡   (  p (  Y i |   X = v )


  H    (  Y   |   X ) :    ∑  v   ∈   d o m  ( X )   | X |  p  (  X = v ) H ( Y | X = v )


  H    (  Y   |   X = v   ) :    ∑ i C    p ( y i   |   X = v )     log ⁡   (    p ( y i |   X = v )


  H    (  Y   |   X ) :    ∑  v   ∈   d o m  ( X )   | X |  p  (  X = v ) H ( Y | X = v )


  H    (  Y   |   X = v   ) :    ∑ i C    p ( y i   |   X = v )     log ⁡   (    p ( y i |   X = v )


  I G    (  Y , X ) : H  ( Y ) − H ( Y | X )

