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Announcements

HW2 due Tuesday night 

Complete pre - course survey

Office Hours:
 Tuesdays: 4pm - 4:30pm
 Thursdays 2 - 3:30pm, Park 200D



Outline
Introduction to applied linear algebra

Multiple  linear regression

Analytic solution to multiple linear regression



Matrix Multiplication



Matrix Multiplication



Matrix Multiplication



Matrix Multiplication: Column View



Matrix Multiplication: Column View



Matrix Multiplication: Row view



Matrix Multiplication: Row view



Matrix Multiplication & Inverse

Matrix A is function that maps/transforms x into y

Inverse function: a function that 

reverses what the original 

function does



Matrix Inverse



Matrix Inverse



Matrix Transpose

Useful note:
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HW 3: USA Housing data

X y



Multiple Linear Regression
ො𝑦 = ℎ𝑤 Ԧ𝑥
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• Goal: minimize cost function
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Multiple Linear Regression
ො𝑦 = ℎ𝑤(𝑋)
 = 𝑤𝑋

• Goal: minimize cost function

𝐽 𝑤 = ෍

𝑖=1

𝑛

𝑦𝑖 − ො𝑦𝑖
2 = Ԧ𝑦  − 𝑤𝑋 2



Outline
Introduction to applied linear algebra

Multiple  linear regression

Analytic solution to multiple linear regression

Gradient Descent



Analytic solution to multiple linear 
regression

SSE

Take the derivative

Set to 0

Divide by -2

Distribute 

Rearrange

Multiply by inverse



Analytic solution to multiple linear 
regression

SSE

Take the derivative

Set to 0

Divide by -2

Distribute 

Rearrange

Multiply by inverse

Variance of X Covariance of X 

and Ԧ𝑦



Analytic solution to multiple linear 
regression
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Analytic solution to multiple linear 
regression

𝐽 𝑤 =
1

2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝑤 ∙ 𝑥𝑖
2 =

1

2
Ԧ𝑦 − 𝑋𝑤 ∙ Ԧ𝑦 − 𝑋𝑤

=
1

2
( Ԧ𝑦 ∙ Ԧ𝑦 − 2 Ԧ𝑦 ∙ 𝑋𝑤 + 𝑋𝑤 ∙ 𝑋𝑤)

• Take derivative and set to 0
𝜕𝐽

𝜕𝑤
= −𝑋𝑇 Ԧ𝑦 + (𝑋𝑇𝑋)𝑤 = 0

𝑋𝑇𝑋 𝑤 = 𝑋𝑇 Ԧ𝑦

𝑋𝑇𝑋 −1 𝑋𝑇𝑋 𝑤 = 𝑋𝑇𝑋 −1𝑋𝑇 Ԧ𝑦

𝑤 = 𝑋𝑇𝑋 −1𝑋𝑇 Ԧ𝑦 (Keep this formula and 

its interpretation in 

mind!)
Variance of 

X

Covariance 

of X and Ԧ𝑦
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Handout 5
2. 𝑋 =

1 1
1 0

 Ԧ𝑦 =
0
1

3. 𝑤 = 𝑋𝑇𝑋 −1𝑋𝑇 Ԧ𝑦
“fake” ones

=
1 1
1 0

1 1
1 0

−1 1 1
1 0

0
1

=
2 1
1 1

−1 1
0

=
1

2−1

1 −1
−1 2

1
0

=
1

−1

Same as 

before!



Normal Equation - RunTime
// Input: Matrix X of size n x p (n rows, p columns)

// Output: Matrix C of size p x p representing X^T * X

    n = number of rows in X

    p = number of columns in X

    Initialize matrix C of size p x p with all zeros

    For i from 1 to p:

        For j from 1 to p:

            For k from 1 to n:

                C[ i][j] = C[ i][j] + (X[k][ i] * X[k][j])

                

    Return C
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Process Learning Weights
1. Randomly initialize weights

2. Make predictions ො𝑦

3. Compute loss function -  quantify how close ො𝑦 and  𝑦 are 

4. Update weights accordingly based on the loss function

5. Repeat 2 -4

aka Optimization

33



Find weights that minimize 
the loss



Find weights that minimize 
the loss

ℓ(𝑤1𝑥 − 𝑦)
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Find weights that minimize 
the loss
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Find weights that minimize 
the loss
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Find weights that minimize 
the loss
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Find weights that minimize 
the loss

How far down should we move
the weight?

This is called the step -size or 
learning - rate

9/19/2439



Find weights that minimize 
the loss
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Find weights that minimize 
the loss
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How to update the weights
1. Find the direction of the derivative of the loss 
function
 aka gradient of the loss

2. Move the weight in that direction

3. Then make a prediction on a new 𝑥 𝑖 , 𝑦 𝑖  pair, 
and repeat 1 and 2

4. Repeat this for every example in our training set

9/19/2442



Loss function properties
Differentiable

Ideally, have a global minimum 

 convex function

9/19/2443



Moving to 2 weights

10 CHAPTER 5 • LOGISTIC REGRESSION

learning rate times the gradient (or the slope, in our single-variable example):

wt+ 1 = wt − h
d

dw
f (x;w) (5.14)

Now let’s extend the intuition from a function of one scalar variablew to many

variables, because we don’ t just want to move left or right, we want to know where

in the N-dimensional space (of theN parameters that make up q) we should move.

The gradient is just such a vector; it expresses the directional components of the

sharpest slopealong each of thoseN dimensions. If we’re just imagining two weight

dimensions (say for oneweight wand onebiasb), thegradient might beavector with

two orthogonal components, each of which tells us how much the ground slopes in

thew dimension and in theb dimension. Fig. 5.4 shows a visualization of the value

of a 2-dimensional gradient vector taken at the red point.

Cost(w,b)

w
b

Figure 5.4 Visualization of the gradient vector at the red point in two dimensionsw and b,

showing the gradient asa red arrow in the x-y plane.

In an actual logistic regression, the parameter vector w is much longer than 1 or

2, since the input feature vector x can be quite long, and we need a weight wi for

each xi . For each dimension/variablewi inw (plus the biasb), the gradient will have

a component that tells us the slope with respect to that variable. Essentially we’re

asking: “How much would asmall change in that variablewi influence the total loss

function L?”

In each dimension wi , we express the slope as a partial derivative ∂
∂wi

of the loss

function. The gradient is then defined as avector of these partials. We’ ll represent ŷ

as f (x;q) to make the dependence on q more obvious:

—qL( f (x;q),y)) =

2

6
6
6
6
4

∂
∂w1
L( f (x;q),y)

∂
∂w2
L( f (x;q),y)

...
∂
∂wn
L( f (x;q),y)

3

7
7
7
7
5

(5.15)

The final equation for updating q based on the gradient is thus

qt+ 1 = qt − h—L( f (x;q),y) (5.16)
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Computing the gradient of ℒ 
partial derivatives

∇՜
𝑤

ℒ =

   

𝑑ℒ

𝑑𝑤0

𝑑ℒ

𝑑𝑤1…
…
𝑑ℒ

𝑑𝑤𝑝

 

What can we do after we computed the 
gradients?
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Updating weights based on 
gradients

Δ՜
𝑤

ℒ = η∇՜
𝑤

ℒ ՜
𝑤

Update each individual weight:

 𝑤𝑖  ← 𝑤𝑖  −  η
𝑑ℒ ՜

𝑤

𝑑𝑤𝑖

If we want to perform gradient ascent, we …

𝑤𝑖  ← 𝑤𝑖 +  η
𝑑ℒ ՜

𝑤

𝑑𝑤𝑖

   

9/19/2446



Find weights that minimize 
the loss
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Updating weights based on 
gradients

Δ՜
𝑤

ℒ = η∇՜
𝑤

ℒ ՜
𝑤

Update each individual weight:

 𝑤𝑖  ← 𝑤𝑖  −  η
𝑑ℒ ՜

𝑤

𝑑𝑤𝑖

If we want to perform gradient ascent, we …

𝑤𝑖  ← 𝑤𝑖 +  η
𝑑ℒ ՜

𝑤

𝑑𝑤𝑖

   
Step size
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Gradient Descent
1. Randomly initialize ՜

𝑤

2. For every 𝑥𝑖 , 𝑦𝑖  pair in our training set:

 Compute the gradient of the loss 

  
𝑑ℒ ՜

𝑤

𝑑𝑤𝑖

 Update each weights based on the gradients

   𝑤𝑖  ← 𝑤𝑖  −  η
𝑑ℒ 𝒘

𝑑𝑤𝑖

3. Repeat 2 until convergance  (or max epochs)

4. return 𝛽𝑖  
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Stochastic Gradient Descent
1. Randomly initialize ՜

𝑤

2. Randomly choose a 𝑥𝑖 , 𝑦𝑖  pair in our training set without replacement until all 
pairs are used:

 Compute the gradient of the loss 

  
𝑑ℒ ՜

𝑤

𝑑𝑤𝑖

 Update each weights based on the gradients

   𝑤𝑖  ← 𝑤𝑖  −  η
𝑑ℒ 𝒘

𝑑𝑤𝑖

3. Repeat 2 until convergence (or max epochs)

4. return 𝛽𝑖  

9/19/24CS383 - Lecture 07 - ML50



Pros and Cons
Gradient Descent

Requires multiple iterations

Need to choose  η

Works well when n is large

Can support online learning

Normal Equation

Non - iterative

No need to choose η

Slow if p  is large
Matrix inversion is 𝑂 𝑝3

9/19/24CS383 - Lecture 07 - ML51



SGD with our small 
dataset from the 
handouts



Toy example, iteration 1
9/19/2453



Toy example, iteration 2
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Toy example, iteration 12
9/19/24CS383 - Lecture 07 - ML55



Toy example, iteration 40
9/19/24CS383 - Lecture 07 - ML56



Toy example, iteration 100
9/19/24CS383 - Lecture 07 - ML57



Handout 5



Linear Regression Runtime
T = # iterations of SGD

n = # examples

p = # features

1) What is the runtime of SGD?

2) What is the runtime of the analytic solution?

Challenge outside of class!



Polynomial Regression
Do not need to limit ourselves to a line

Plot: Jessica Wu



Polynomial Regression
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   y ^ =  h   w →  (   x → )


            =  w 0 +  w 1  x 1 +  w 2  x 2 + … +  w p  x p =  w → ∙  x →


  X =  [        1   x  11   x  12   1        x  1 3  ⋯   x  1 p          ⋮                     1             ]


  J  (   w → ) =  ∑  i = 1 n     (   y i −    y ^ i ) 2 =  ∑  i = 1 n     (   y i −  w → ∙    x i → ) 2


  n × ( p + 1 )


   y ^ =  h   w → ( X )


            =  w → X


  J  (   w → ) =  ∑  i = 1 n     (   y i −    y ^ i ) 2 =    (   y →   −  w → X ) 2


   y →
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   y →
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   y ^


   y ^  


  y


  ℓ (  w 1 x   − y )


   x   { i } ,    y   { i }


  ℒ


   ∇   → w ℒ =
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   w i   ←  w i +   η   d ℒ  (   → w )  d  w i


   → w


   {   x i ,    y i }


    d ℒ  (   → w )  d  w i


   w i   ←  w i   −   η   d ℒ  ( 𝒘 )  d  w i


   𝛽 i  


   → w
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