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Announcements

HW?2 due Tuesday night
Complete pre-course survey

Office Hours:
Tuesdays: 4pm-4:30pm
Thursdays 2-3:30pm, Park 200D
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Outline

Introduction to applied linear algebra
Multiple linear regression

Analytic solution to multiple linear regression
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Matrix Multiplication: Column View
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Matrix Multiplication: Row view
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Matrix Multiplication: Row view
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Matrix Multiplication & Inverse
Ax =y

Matrix A is function that maps/transforms x into y

flz) =y Inverse function: a function that
reverses what the original
function does
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Matrix Inverse
fy e

AA =T



Matrix Inverse
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Matrix Transpose
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HW 3: USA Housing data

Avg. Area Income Avg. Area House Age Avg. Area Number of Rooms Avg. Area Number of Bedrooms Area Population Price
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Multiple Linear Regression

Y = hp(x) o
= W T WXy T WpXy + -+ WpXy, =W+ X
— ]
“fake” ones 1 X11 X12 X13 0 X1p
x=|1
1

o . . n;<(p+1)
 Goal: minimize cost function

JWw) = Zn:()’i — 9% = Zn:()’i —W-Xx;)?



Multiple Linear Regression

§ = hy(X)
= wX

 Goal: minimize cost function

Jw) = Z(yi —9)4 = —wX)?
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Gradient Descent



Analytic solution to multiple linear
regression

SSE

Take the derivative
Setto O

Divide by -2
Distribute
Rearrange

Multiply by inverse




Analytic solution to multiple linear

regression

SSE

Take the derivative
Setto O

Divide by -2
Distribute
Rearrange

Multiply by inverse

w=(X"X)'Xy|

Variance of X Covariance of X
and y



Analytic SOIUt L(w) = |y — Xw|
reg ress l on Take the derivative:

VoL = —2X"(y — Xw).

SSE Set it equal to zero:
. . 2 XT(v — Xw) = 0.
Take the derivative (y )
Divide by —2:
Setto O .
y —Xw)=0.
Divide by -2 N
Distribute:
Distribute e
Rearrange N
Multiply by inverse I

Multiply by (XTX)—1;

A (XTX)_IXTy .




Analytic solution to multiple linear
regression

) %Zl(yi—mx?)z =G~ XW) - (5 — xW)
1 —l>: - - —> —> —
=E(y-y—2y-Xw+Xw-XW)

. Take derivative and set to 0

a] .
—_,=—XT_> XTX_)=O
7= y+ X X)w

o (XTXOW = XTy
o XTXO)IXTOW = (XTX)"1XTy

— Twv\—1vT.=> (Keep this formula and
ow=X"X)""X y its interpretation in
— . mind!)
Variance of Covariance

X of Xand y
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Handout 5
2.X=[1 1 372{0}

7
(XTX) 1xTy

f

=(1 0”1 0)_11
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Normal Equation -

// Input: Matrix X of size n x p (n rows, p columns)
// Output: Matrix C of size p x p representing X*T * X

n = number of rows in X
p = number of columns in X

Initialize matrix C of size p x p with all zeros
Forifrom 1to p:
For j from1to p:

For k from 1to n:
Clillj] = Clillj] + (XIK][i] * XTkI[1)

Return C

Runlime

w=(XTX) Xy
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33

Process Learning Weights

1. Randomly initialize weights
2. Make predictions y
3. Compute loss function - quantify how close y and y are

4. Update weights accordingly based on the loss function
aka Optimization

5. Repeat 2-4



Find weights that minimize

the loss
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Find weights that minimize

the loss

oSS
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Find weights that minimize

the loss

0SS
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Find weights that minimize
the loss
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Find weights that minimize
the loss
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Find weights that minimize

the loss

loss
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How far down should we move
the weight?

This is called the step-size or
learning-rate
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Find weights that minimize

the loss .,
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Find weights that minimize

the loss

loss
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How to update the weights

1. Find the direction of the derivative of the loss
function

aka gradient of the loss
2. Move the weight in that direction

3. Then make a prediction on a new x, y;y pair,
and repeat 1and 2

4. Repeat this for every example in our training set
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Loss function properties
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Moving to 2 weights

Cost(w,b)
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Computing the gradient of £

partial derivatives

V_L =
> ac -
dWO
ar

dWl

dr
dwp i

What can we do after we computed the
gradients?
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Updating weights based on
gradients

AL =nV_L (3)

Update each individual weight:

ac(;)
dWi

Wi < Wy — 1

If we want to perform gradient ascent, we ...
dL (—))
+ 1 -
dWi

W; < W;
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Find weights that minimize
the loss
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Updating weights based on
gradients

AL =nV_L (V_J)

Update each individual weight:

ac(;)
dWi

Wi < wp — T

If we want to perform gradient ascent, we ...
dL (—))
+ 1 =
dWi

W; < W;
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Gradient Descent

1. Randomly initialize —
w

2. For every {x;, y;} pair in our training set:
Compute the gradient of the loss

a(3)
dw;
Update each weights based on the gradients
dL(w)
Wi Wi = N7

3. Repeat 2 until convergance (or max epochs)
4. return f;
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Stochastic Gradient Descent

1. Randomly initialize —
w

2. Randomly choose a {x;, y;} pair in our training set without replacement until all
pairs are used:

Compute the gradient of the loss

a(3)
dWi
Update each weights based on the gradients
dL(w)
Wi Wi = N7

3. Repeat 2 until convergence (or max epochs)
4. return f;
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Pros and Cons

Gradient Descent
Requires multiple iterations
Need to choosen

Works well when n is large
Can support online learning

Normal Equation

Non-iterative
No need to choose 1

Slow If pis large
Matrix inversion is 0(p3)



SGD with our small
dataset from the
handouts
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Toy example, iteration |

iteration: 1, cost: 0.410000
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Toy example, iteration 2

iteration: 2, cost: 0.350001
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Toy example, iteration 12

iteration: 12, cost: 0.138047
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Toy example, iteration 40

iteration: 40, cost: 0.014064
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Toy example, iteration 100

iteration: 100, cost: 0.000105
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Linear Regression Runtime

T = # iterations of SGD
n = # examples
p = # features

1) What is the runtime of SGD?
2) What is the runtime of the analytic solution?

Challenge outside of class!



Polynomial Regression

Do not need to limit ourselves to a line

0 T I



Polynomial Regression
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