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Announcements

HW2 due Tuesday night 

Complete pre - course survey

Office Hours:
 Tuesdays: 4pm - 4:30pm
 Thursdays 2 - 3:30pm, Park 200D



Outline
Recap simple  (i.e. p=1) linear regression

Introduction to applied linear algebra

Multiple  linear regression

Analytic solution to multiple linear regression



Simple linear regression

Model: ℎ𝑤 𝑥 = 𝑤0 + 𝑤1𝑥 = ො𝑦

Cost function:

𝐽(𝑤0, 𝑤1) =
1

2
෍

𝑖=1

𝑛

(𝑦𝑖 − 𝑤0 − 𝑤1𝑥𝑖)2
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Goals of fitting a linear 
model
1) Which of the features/explanatory 

variables/predictors (x) are associated with 
the response variable (y)?

2) What is the relationship between x and y?

3) Can we (accurately) predict y given a new 
x?

4) Is a linear model enough?
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Maybe a linear model is not enough

ISL, Fig 2.9

test

train



Outline
Recap simple  (i.e. p=1) linear regression

Introduction to applied linear algebra

Multiple  linear regression

Analytic solution to multiple linear regression



Vector magnitude

Different ways to write a vector

Vectors



Vector Addition



Vector Addition



Vector Addition



Vector Addition



Vector Addition



How aligned are these vectors



How aligned are these vectors

Pointing apart No alignment Pointing together



How aligned are these vectors

Pointing apart

< 0 
No alignment

0 

Pointing together

> 0



How aligned are these vectors

No alignment  -  Should be 0 

𝒂 = 𝟑, 𝟎 , 𝒃 = [𝟎, 𝟑] 𝒄 = −𝟐, 𝟐 , 𝒅 = [𝟐, 𝟐]



How aligned are these vectors
𝒂 = 𝟑, 𝟎 , 𝒃 = 𝟎, 𝟑  𝒄 = −𝟐, 𝟐 , 𝒅 = [𝟐, 𝟐]

What operation 𝑓 can we perform s.t. 𝑓 Ԧ𝑎, 𝑏 = 𝑓 Ԧ𝑐 , 𝑏 = 0?



Vector Dot Product
𝒂 = 𝟑, 𝟎 , 𝒃 = 𝟎, 𝟑  𝒄 = −𝟐, 𝟐 , 𝒅 = [𝟐, 𝟐]

What operation 𝑓 can we perform s.t. 𝑓 Ԧ𝑎, 𝑏 = 𝑓 Ԧ𝑐 , 𝑏 = 0?

𝒂  ∙ 𝒃 = ෍

𝑖

𝑛

𝑎𝑖 ∗ 𝑏𝑖

If 𝑓 Ԧ𝑎, 𝑏 = 0, then 𝒂 and 𝒃 are orthogonal



Vector Dot Product



Vector Dot Product

−𝟐 ∗ 𝟑 + 𝟐 ∗ 𝟑 = −𝟔 𝟐 ∗ 𝟑 + 𝟐 ∗ 𝟑 = 𝟔 



Matrices



Matrices
Matrix addition (must be exactly the same dimension!)



Matrices
Matrix addition (must be exactly the same dimension!)



Matrix Multiplication
Inner dimensions must match

If A.shape  = (m, n) and B.shape  = (n, p), then 
AB.shape  = ( m,p)

dot product of row 1 and col 1



Matrix Multiplication
Inner dimensions must match

If A.shape  = (m, n) and B.shape  = (n, p), then 
AB.shape  = ( m,p)

dot product of row 1 and col 2

af + bh



Matrix Multiplication
Inner dimensions must match

If A.shape  = (m, n) and B.shape  = (n, p), then 
AB.shape  = ( m,p)

af + bh af + bh

af + bh

af + bh



Matrix Multiplication



Identity Matrix
Identity function: a function that returns its input unchanged

Find 𝑰 s.t. 



Identity Matrix



Identity Matrix



Identity Matrix



Identity Matrix



Matrix Multiplication



Matrix Multiplication



Matrix Multiplication



Matrix Multiplication



Matrix Multiplication & Inverse

Matrix A is function that maps/transforms x into y

Inverse function: a function that 

reverses what the original 

function does



Matrix Inverse



Matrix Inverse



Matrix Transpose

Useful note:



Outline
Recap simple  (i.e. p=1) linear regression

Introduction to applied linear algebra

Multiple  linear regression

Analytic solution to multiple linear regression



HW 3: USA Housing data

X y



Multiple Linear Regression
ො𝑦 = ℎ𝑤 Ԧ𝑥

 = 𝑤0 + 𝑤1𝑥1 + 𝑤2𝑥2 + ⋯ + 𝑤𝑝𝑥𝑝 = 𝑤 ∙ Ԧ𝑥

𝑋 =

1 𝑥11 𝑥12

1

𝑥13 ⋯ 𝑥1𝑝

⋮  
1

• Goal: minimize cost function

𝐽 𝑤 = ෍

𝑖=1

𝑛

𝑦𝑖 − ො𝑦𝑖
2 = ෍

𝑖=1

𝑛

𝑦𝑖 − 𝑤 ∙ 𝑥𝑖
2

“fake” ones

𝑛 × (𝑝 + 1)



Multiple Linear Regression
ො𝑦 = ℎ𝑤(𝑋)
 = 𝑤𝑋

• Goal: minimize cost function

𝐽 𝑤 = ෍

𝑖=1

𝑛

𝑦𝑖 − ො𝑦𝑖
2 = Ԧ𝑦  − 𝑤𝑋 2



Outline
Recap simple  (i.e. p=1) linear regression

Introduction to applied linear algebra

Multiple  linear regression

Analytic solution to multiple linear regression



Analytic solution to multiple linear 
regression

SSE

Take the derivative

Set to 0

Divide by -2

Distribute 

Rearrange

Multiply by inverse



Analytic solution to multiple linear 
regression

SSE

Take the derivative

Set to 0

Divide by -2

Distribute 

Rearrange

Multiply by inverse

Variance of X Covariance of X 

and Ԧ𝑦



Analytic solution to multiple linear 
regression

𝐽 𝑤 =
1

2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝑤 ∙ 𝑥𝑖
2 =

1

2
Ԧ𝑦 − 𝑋𝑤 ∙ Ԧ𝑦 − 𝑋𝑤

=
1

2
( Ԧ𝑦 ∙ Ԧ𝑦 − 2 Ԧ𝑦 ∙ 𝑋𝑤 + 𝑋𝑤 ∙ 𝑋𝑤)

• Take derivative and set to 0
𝜕𝐽

𝜕𝑤
= −𝑋𝑇 Ԧ𝑦 + (𝑋𝑇𝑋)𝑤 = 0

𝑋𝑇𝑋 𝑤 = 𝑋𝑇 Ԧ𝑦

𝑋𝑇𝑋 −1 𝑋𝑇𝑋 𝑤 = 𝑋𝑇𝑋 −1𝑋𝑇 Ԧ𝑦

𝑤 = 𝑋𝑇𝑋 −1𝑋𝑇 Ԧ𝑦 (Keep this formula and 

its interpretation in 

mind!)
Variance of 

X

Covariance 

of X and Ԧ𝑦
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Handout 4
2. 𝑋 =

1 1
1 0

 Ԧ𝑦 =
0
1

3. 𝑤 = 𝑋𝑇𝑋 −1𝑋𝑇 Ԧ𝑦
“fake” ones

=
1 1
1 0

1 1
1 0

−1 1 1
1 0

0
1

=
2 1
1 1

−1 1
0

=
1

2−1

1 −1
−1 2

1
0

=
1

−1

Same as 

before!
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   h   w →  ( x ) =  w 0 +  w 1 x =  y ^


  J (  w 0 ,  w 1 ) =  1 2  ∑  i = 1 n    (  y i −  w 0 −  w 1  x i ) 2


   𝒂 → =  [  𝟑 ,   𝟎 ] ,    𝒃 → = [ 𝟎 ,   𝟑 ]


   𝒄 → =  [  − 𝟐 ,   𝟐 ] ,    𝒅 → = [ 𝟐 ,   𝟐 ]


   𝒂 → =  [  𝟑 ,   𝟎 ] ,    𝒃 → =  [  𝟎 ,   𝟑 ]  


   𝒄 → =  [  − 𝟐 ,   𝟐 ] ,    𝒅 → = [ 𝟐 ,   𝟐 ]


  f


  f  (   a → ,    b → ) = f  (   c →   ,    b → ) = 0


   𝒂 → =  [  𝟑 ,   𝟎 ] ,    𝒃 → =  [  𝟎 ,   𝟑 ]  


   𝒄 → =  [  − 𝟐 ,   𝟐 ] ,    𝒅 → = [ 𝟐 ,   𝟐 ]


  f


  f  (   a → ,    b → ) = f  (   c →   ,    b → ) = 0


   𝒂 →     ∙  𝒃 → =  ∑ i n   a i ∗  b i


  f  (   a → ,    b → ) = 0


   𝒂 →


   𝒃 →


   (  − 𝟐   ∗ 𝟑 ) +  (  𝟐   ∗ 𝟑 ) = − 𝟔


   (  𝟐   ∗ 𝟑 ) +  (  𝟐   ∗ 𝟑 ) = 𝟔


  𝑰


   y ^ =  h   w →  (   x → )


            =  w 0 +  w 1  x 1 +  w 2  x 2 + … +  w p  x p =  w → ∙  x →


  X =  [        1   x  11   x  12   1        x  1 3  ⋯   x  1 p          ⋮                     1             ]


  J  (   w → ) =  ∑  i = 1 n     (   y i −    y ^ i ) 2 =  ∑  i = 1 n     (   y i −  w → ∙    x i → ) 2


  n × ( p + 1 )


   y ^ =  h   w → ( X )


            =  w → X


  J  (   w → ) =  ∑  i = 1 n     (   y i −    y ^ i ) 2 =    (   y →   −  w → X ) 2


   y →


  J  (   w → ) =  1 2  ∑  i = 1 n     (   y i −  w → ∙    x i → ) 2 =  1 2  (   y → − X  w → ) ∙  (   y → − X  w → )


  =  1 2 (  y → ∙  y → − 2  y → ∙ X  w → + X  w → ∙ X  w → )


   0 →


    𝜕 J  𝜕  w → = −  X T  y → + (  X T X )  w → =  0 →


  ↔  (   X T X )  w → =  X T  y →


  ↔    (   X T X )  − 1  (   X T X )  w → =    (   X T X )  − 1  X T  y →


  ↔  w → =    (   X T X )  − 1  X T  y →


   y →


  X =  [     1  1   1  0 ]                y → =  [     0   1 ]


   w → =    (   X T X )  − 1  X T  y →


  =    (   [     1  1   1  0 ]  [     1  1   1  0 ] )  − 1  [     1  1   1  0 ]  [     0   1 ]


  =    [     2  1   1  1 ]  − 1  [     1   0 ] =  1  2 − 1


   [     1  − 1   − 1  2 ]  [     1   0 ] =  [     1   − 1 ]

