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CS311 Computational Geometry
Spring 2023

Assignment: 1
Due Date: 1/26/23
Office: Park 203

Professor: Dianna Xu
E-mail: dxu@brynmawr.edu

URL: http://cs.brynmawr.edu/cs311

Assignment 1

Give written (and legible) answers to the following questions. Your answers should be precise
and mathematically accurate. In general, numerical answers should be followed by justification.
You should give formal proofs if at all possible, or at the minimum, give strong arguments. Rigorous
proofs can be difficult to write and digest in geometry, so you are encouraged to use intuition and
give illustrations whenever appropriate. Beware however, that a poorly drawn figure can make
certain erroneous hypotheses appear to be “obviously correct”.

Throughout the semester, unless otherwise stated, you may assume that input objects are in
general position. For example, you may assume that no two points have the same coordinates, no
three points are collinear and no four points are cocircular, etc.

You are encouraged to discuss the problems with other students in class, but the write-up should
be entirely your own.

1. Meister’s two ears. Prove that every triangulation of a polygon has at least two ears by taking
the dual graph and prove that every tree has at least two leaves.

2. Find a tetrahedralization of the cube into five tetrahedra.

3. Three consecutive vertices a, b, c form a mouth of a polygon if ac is an external diagonal of
the polygon, a segment wholly outside. Formulate and prove a theorem about the existence of
mouths.

4. Prove that every polygonal region with polygonal holes admits a triangulation of its interior.
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Sample Problems for the Midterm Exam

The following problems have been collected from old homeworks and exams. They do not reflect
the actual length or difficulty of the midterm exam. The exam will be closed-book and closed-notes.
You may use one sheet of notes (front and back). Unless otherwise stated, you may assume general
position. If you are asked to present an O(f(n)) time algorithm, you may present a randomized
algorithm whose expected running time is O(f(n)). For each algorithm you give, derive its running
time and justify its correctness.

Problem 1. Give a short answer to each question (a few sentences suffice).

(a) In the analysis of the randomized incremental point location we argued that the expected
depth of a random query point is at most 12 lnn. Based on your knowledge of the proof,
where does the factor 12 arise? (Hint: It arises from two factors. You can explain either
for partial credit.)

(b) In the primal plane, there is a triangle whose vertices are the three points p, q, and r and
there is a line ! that intersects this triangle. What can you infer about the relationship
among the corresponding dual lines p∗, q∗, r∗, and the dual point !∗? Explain.

(c) Recall the orientation primitive Orient(a, b, c), which given three points in the plane,
returns a positive value if the sequence 〈a, b, c〉 is ordered counterclockwise, zero if the
points are collinear, and negative if clockwise. Show how to use this primitive (one
or more times) to determine whether a point d lies within the interior of the triangle
defined by the points a, b, and c. (You may assume that a, b, and c are oriented
counterclockwise.)

Figure 1: Problems 1(d) and 1(e).

(d) Any triangulation of any n-sided simple polygon has exactly n − 2 triangles. Suppose
that the polygon has h polygonal holes each having k sides. (In Fig. 1, n = 12, h = 3,
and k = 4). As a function of n, h and k, how many triangles will such a triangulation
have?

(e) You are given a set of n disjoint line segments in the plane that have I intersection
points (In Fig. 1, n = 4 and I = 3). Suppose that you build a trapezoidal map of the
segments, but whenever two segments intersect, there are two bullet paths shot (up and
down) from such a point. As a function of n and I, how many trapezoids are there in a
trapezoidal map? Explain briefly. (Give an exact, not asymptotic, answer.)
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Figure 1: Triangulation of polygonal region with holes.

5. Guarding the walls. Construct a polygon P and a placement of guards such that the guards see
every point of δP , but there is at least one point interior to P not seen by any guard.

6. Clear visibility, point guards. Recall that visibility is defined to allow grazing contact with δP ,
in other words, vertices and edges parallel to line of sight do not block vision. Clear visibility is
defined to not allow grazing contact with δP . What is the answer to Klee’s question for clear
visibility? More specifically, what is the smallest number of point guards that suffice to clearly
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see every point in any polygon of n vertices? Recall that point guards are guards who may
stand at any point of P ; these are distinguished from vertex guards who may be stationed only
at vertices. Are clearly seeing guards stronger or weaker than regular guards? Does Fisk’s proof
establish bn/3c sufficiency for clear visibility? Try to determine the number exactly. Note that
a point guard does clearly see the point on which it stands.

7. clear visibility, vertex guards. Answer the last question, but for vertex guards, stationary guards
placed on vertices. Note that a vertex guard with clear visibility can not see the other end point,
because the edge is part of the boundary.

8. Given a polygon with n vertices, recall that the addition of any diagonal splits P into two
polygons with n1 and n2 vertices, where n1 + n2 = n+ 2.

1. Show that for any n > 3 there exists a diagonal that splits P such that min(n1, n2) ≥ bn/3c.
2. Show that the constant 1/3 is the best possible, in that for any c > 1/3, there exists

a polygon such that any diagonal chosen results in a split such that min(n1, n2) < cn.
You can provide a drawing, but you should give justification on how your drawing can be
generalized to all sufficiently large values of n.

Please hand in your assignment in class.


