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Tree 

•  A tree is a connected graph with no 
circuits. 

•  A loop is a circuit, so are parallel edges. 
•  A tree is a simple graph. 
•  A trivial tree has one vertex and no edges. 
•  A forest is a circuit-free graph that is not 

connected, i.e. it has trees as connected 
components. 

Examples of Trees 

•  Probability tree 

Decision Tree 

Parse Tree Molecular Diagrams 

•  Butane (C4H10) and Propane (C3H8) 
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Leaves 

•  Lemma: Any nontrivial tree has at least 1 
vertex of degree 1. 

•  Constructive Proof: 
– T is an arbitrary and particularly chosen tree  
– Pick a vertex v of T and let e be an edge 

incident on v 
– … 

•  A tree vertex of degree 1 is called a leaf. 
•  Others are called internal vertices. 

Characteristics 

•  A tree with n vertices has n-1 edges. 

•  Any connected graph with n vertices and 
n-1 edges is a tree. 

Dual Graph 
1.3 THE ART GALLERY THEOREM 17

Figure 1.15. Triangulations and colorings of vertices of a polygon with n = 18
vertices. In both figures, red is the least frequently used color, occurring five times.

Since there are n vertices, by the pigeonhole principle, the least
frequently used color appears on at most !n/3" vertices. Place guards
at these vertices. Figure 1.15 shows two examples of triangulations of
a polygon along with colorings of the vertices as described. Because
every triangle has one corner a vertex of this color, and this guard
covers the triangle, the museum is completely covered.

Exercise 1.33. For each polygon in Figure 1.16, find a minimal set of
guards that cover it.

Exercise 1.34. Construct a polygon with n = 3k vertices such that plac-
ing a guard at every third vertex fails to protect the gallery.

The classical art gallery problem as presented has been generalized in
several directions. Some of these generalizations have elegant solutions,
some have difficult solutions, and several remain unsolved problems. For
instance, the shape of the polygons can be restricted (to polygons with
right-angled corners) or enlarged (to include polygons with holes), or the
mobility of the guards can be altered (permitting guards to walk along
edges, or along diagonals).

Figure 1.16. Find a set of minimal guards that cover the polygons.

Meister's Two Ears 

•  Every polygon with n>3 vertices has at 
least two ears. 

•  Dual graph version: A tree of two or more 
nodes must have at least two leaves. 

•  Proof by induction 
•  Proof by contradiction 
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Figure 3.6: A map of Europe and its corresponding representation by a planar
graph, along with a four-coloring of the vertices.

To illustrate how complications can easily sneak into mathematics, it
turns out that it is relatively easy to prove that the chromatic number of
a planar graph is less than or equal to 5. Before we give this proof, we need
to prove the following:

Theorem 3.7: Every planar graph G has a vertex v with d(v)  5.

Proof. For all planar graphs with n  6 vertices, the theorem is obviously
true. For planar graphs with n > 6, we prove the theorem by contradiction.
To this end, consider a planar graph G for which n > 6. Let m be the number
of edges of G. We know that Âv2V(G) d(v) = 2m. Therefore, if there is no
vertex with degree 5 or less, then 6n  2m. In addition, from Theorem 2.9
we know that m  3n � 6, and thus that 6n  6n � 12. Obviously, this is
false, meaning that our assumption that there is no vertex with degree 5 or
less must be false as well.

75


