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Introduction

The simplex algorithm is regarded as one of the most important algorithms of'the 20
century® Its creation came out of a necessity for solutions to optimization problems being faced
by various industries in the 1940s. Oil companies needed to find ways to maximize combinations
of raw materials and product$dany agricultural and economic problems were also linear
programming problen’sWorld War Il brought with it the challenge of of reducing costs relating
to the army while planning expenditure to get maximum returns and produce maximum losses
for the enemy.Linear programming was developed as a tool to distribute limited resources in a
manner that is most optimal, that is, one which provides the maximum®pFbiit simplex
algorithm was created by George Dantzig, a mathematician who worked in the U.S. Air Force
Comptroller’s Office>

This paper will explore the history of the simplex algorithm, examples of where the
algorithm is used, what linear programming is and how it helps in solving optimization
problems, how the algorithm is implemented using a specific example, and why the algorithm is
SO important.

History

George Dantzig developed the linear programming problem and created the simplex
algorithm as its solution in 1947. Consequently, he is known as the father of linear programming
and is often regarded as one of the most prominent mathematicians of the 20th century. Dantzig
was born in Portland, Oregon on November 8, 1914. After receiving a Ph.D from the University
of California, Berkeley, he became a mathematical advisor at the U.S. Air Force Comptroller’'s
Office. It was here that he began his work on linear programming. His task was "the
"mechanization"” of the Air Force’s planning procedures to support time-staged deployment of
training and supply activities" for which he "created linear mathematical model representing
what supplies were available and what outputs were required over a multi-period time Horizon."

One of the first uses of the simplex algorithm was trying to determine the most optimal
way to schedule airplanes and pack goods during the Berlin Airlift in June® 19481 attempt
to control all of Berlin, the USSR cut off transport between West and East Berlin. In response,
the US airlifted food and supplies daily to West Berlin for a year, until the blockade was$ lifted.

Dantzig's work also highly influenced the advances in computing machines. The Air
Force Comptroller was so impressed with his work that it convinced him of the need for more
research in the area. Thus he allocated US$400,000 to fund mathematical and electronic
computer research. This resulted in the development of many computers, including the IBM
Dantzig believed that mathematical models are invented as a result of real world problems. It
was this belief and passion that lead to the multitude of contributions he has made.

Linear Programming
Linear programming problems deal with maximizing or minimizing a linear function
whose variables are constrained. They calculate how to attain the best and most optimal outcome
of the problen?* These problems have applications across various industries, such as
commercial airlines, coal, communications, paper, petroleum, and railroad, among éthers



current example of the use of linear programming is in the airline industry which is seeking to
maximize profits and minimize expenditure by charging different fares for different seats
depending on how far in advance the ticket is bought. Among other considerations, the airlines
need to determine how many customers would be willing to pay a higher price for a ticket
bought last minute and how many would only buy the cheapest tickets. In addition, airlines also
need to plan pilot schedules. They need to maximize the amount of time a pilot can fly given the
constraints of sleep, while also trying to keep the salary low to increase theif profit.

The Brewery Problem: An Example of Linear Programming

A simple linear programming problem will be illustrated in the following example of a
brewery* There is a small brewery which produces ale and beer. The production of ale and beer
requires corn, hops, and barley malt in different amounts. These resources are limited and thus
need to be used in a manner that creates the most profit. Table | presents the proportions needed
for production, the constraints on the amount of resources, and the profit made from the
production of one barrel of ale and beer.

Table I: Constraints placed on the resources and profits produced.

s Corn Hops Malt Profit
everage (pounds) | (ounces) | (pounds) ($)
Ale (barrel) B 4 35 =
Beer (barrel) 15 =

How can the profits be maximized? The brewer could try various combinations. All of the
resources could be put into just making ale. Since 35 pounds of barley malt are needed and only
1190 pounds is available, barley malt limits the production, producing 1190/35 = 34 barrels of
ale. This would make a profit of 34 barrels x $13/barrel = $442. The brewer could also spend all
the resources into making beer. This leads to a profit of $736. Lastly, the brewer could produce a
combination of a certain number of barrels of ale and a certain number of barrels of beer. Which
combination would lead to maximum profits? This is where linear programming comes in. The
following equations can be created from Table I.

Profits = 13A + 23B Q)
suchthat  5A + 15B” 2)
4A + 4B 3)
35A + 20B” 4)
and A B e (5)

where A is the quantity of ale and B is the quantity of beer

Equation (1) is known as the objective function. This is the function that aims to optimize the
linear programming problem. Equations (2), (3), (4), and (5) are known as the constraints, and
Equation (5) shows the decision variables. A graph of these functions with potential solutions is
shown in Figure 1(a), while Figure 1(b) displays the objective function.
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Figure 1: (a) Graph of the constraint? (b) Graph of the objective function?

The graphs show that the optimal solution occurs at an extr L
point. In this case, this point is at (12, 28). The simplex S

algorithm tries to find this point by starting at any extreme
point and moving to a neighboring one until it reaches the
optimal point. Figure 3 shows a graphical representation of

path the algorithm may take.
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Figure 2: A possible path of the simplex algorithnf.

A few changes need to be made to the above problem to make it appropriate for use in a simplex
algorithm. First, it needs to be converted to the standard form. This is done by adding a slack
variable for each inequality, which allows the modification of the linear programming problem,
but no significance otherwise. The equations are converted to the following:

5A + 15B + S = 480 (6)

4A + 4B + Sy = 160 (7

35A + 20B + Sy = 1190 (8)

-Z + 13A + 23B = 0 (9)

The coefficients are used to create a tableau, which is an augmented matrix of the above system

of equation®™

5 15 1 0 0 480
4 4 0 1 0 160
35 20 0 0 1 1190
13 23 0 0 0 0

The tableaux are useful when implementing the simplex algorithm, as will be discussed later in

the paper.



In order to start, a feasible solution is needed. The simplest way to do this is to eliminate some
variables since the elimination of variables helps in solving the equation systems. This can be
done by setting A and B to 0, making the initial solution:

A=0,B=0,%=480, =160, % =1190,Z2=0

Clearly, this is not the most optimal solution. Another way to determine a feasible solution which
produces a higher value of Z is to increase the value of B, while keeping the value of A as 0.
However, by how much should B increase such that the other variables are still positive?

Equation (6) implies that B LPSOLHV % - DQG LPSOLHV W
Here we choose the smallest B value, which 480/15, or 32. Substituting this value into all the
equations provides the following solution:

A=0,B=32,8=0,%=32, % =550,Z=736

This is a better solution than the previous, but it still is not optimal. To iterate, a new system of
linear equations needs to be made. This is done by substituting B = 1/15 (480 «)5Ate &l
the equations:

(YA + B + (U15)% = 32 (10)

(8/3)A ~ (415% + Sy = 32 (11)

(85/3)A - (413)% + Sw = 550 (12)

Z  + (16/3)A ~  (23/15)% = 736 (13)

In this iteration, the value of A is increased and a similar analysis as above is done. Equation (10)
implies that A« LPSOLHV $ - DQG LPSOLHV WKDW
smallest value of A is given by (32)(3/8) = 12. Substituting this value into all the equations

yields the following solution:

A=12,B=28,5=0,%=0, S =110, Z2=800

It is not known whether this is the optimal solution, thus another iteration needs to be done. This
is done in the same way as with B but by substituting A = 3/8 (32 + 4A59:

B + (110 + (18)S = 28 (14)

A - (11008 + (318) = 12 (15

— (2616 + (85/5)S; + Su = 210 (16)

-Z - s - S = 800 (17)

Since $ and $ are now negative, if their value is increased, it will lead to a decrease in the
value of Z, making this is the optimal solution. Thus, the simplex algorithm starts at some
extreme point and repeatedly pivots from one extreme point to a neighboring one until it finds
the optimal point.

Simplex Algorithm Code
The code requires making the tableaux, choosing the pivot, and then solving for the optimal
solution? The following is a foundation of creating the code.

1. The first iteration is found by looking at the values of the last row.



If they are negative, then the optimal solution has been found.
If not, find the row with the largest number. The column containing this value is the pivot
column.
4. To determine which of the 3 values in that column is the pivot value, look at the

rightmost column.
5. Compare the ratio between values in that column to the corresponding values in the pivot
column. As was done above, we see that 480/15 is the lowest ratio, making that row the
pivot row. Thus, the pivot number is 15.

w N

| 5 15 1 0 0 480 |
4 4 0 1 0 160
35 | 20 0 0 1 1190
13 | 23 0 0 0 0

6. Divide all the values in the pivot row by the pivot number.

5/15 15/15 1/15 0 0 480/15
4 4 0 1 0 160
35 20 0 0 1 1190
13 23 0 0 0 0

7. Next the pivot column needs to be cleared.
a. Create a row operation for each row that needs to be cleared. The pivot fow is R
and the row that needs to be changedidrRthis case, the first row is;R
b. To clear the pivot column, each of the rows needs to be replaced using the
appropriate instruction.
c. The instruction is determined using the coefficients needed such that the pivot
column will have a value of 0.

1/3 1 /15 O 0 32
4 4 0 1 0 160 1R, — 4R
35 20 0 0 1 1190 1R, - 20R
13 23 0 0 0 0 1R, — 23R
Forming the following tableaux:

1/3 1 1/15 0 0 32

8/3 0 -4/15 1 0 32
85/3 0 -4/3 0 1 550
16/3 0 23/15 O 0 -736

8. This is repeated until the bottom row has all negative or zero values.

Conclusion

The importance of the simplex algorithm lies in its valuable applications. While its
original applications were mainly those relating to the military, recent applications involve
various industries including water quality management in environment studies, portfolio



management in finance, production line balancing in manufacturing, airline crew assignment in
operations research, internet routing in telecommunications, among many*dthese
problems were initially solved by trial and error, which was an inefficient use of time and
resource§ Along with creating solutions to problems which initially may not be obvious as
linear programming problems, the applications also encouraged further theoretical fesearch
The creation of this algorithm has not only helped solve numerous linear programming
problems in various industries, but more importantly, it has provided a way to produce solutions
very efficiently. The effect of small changes in the constraint and the objective on the optimal
solution can also be easily seen, which is not always true for other fidtible Dantzig may
not have realized the extensive applications of his algorithm, it is clear that his belief in real
world problems inspiring mathematics still holds true today.
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